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A Deterministic Interfacial Cyclic Oxidation Spalling Model: 
Part 2.-Algebraic Approximation, Descriptive 
Parameters, and Normalized Universal Curve 

James L. Smialek 
National Aeronautics and Space Administration 

Glenn Research Center 
Cleveland, Ohio 44135 

Abstract.-A cyclic oxidation interfacial spalling model has been developed in Part 1. The 
governing equations have been simplified here by substituting a new algebraic expression for the 
series C& (Good-Smialek approximation). This produced a direct relationship between cyclic 
oxidation weight change and model input parameters. It also allowed for the mathematical 
derivation of various descriptive parameters as a function of the inputs. It is shown that the 
maximum in weight change varies directly with the parabolic rate constant and cycle duration 
and inversely with the spall fraction, all to the ?h power. The number of cycles to reach 
maximum and zero weight change vary inversely with the spall fraction, and the ratio of these 
cycles is exactly 1:3 for most oxides. By suitably normalizing the weight change and cycle 
number, it is shown that all cyclic oxidation weight change model curves can be represented by 
one universal expression for a given oxide scale. 

1. Introduction 

In Part 1 a model has been developed to describe the iterative scale growth and spalling process 
that occurs during cyclic oxidation of high temperature materials [I]. Parabolic scale growth and 
interfacial spalling of a constant surface area fraction, in the thickest region of the scale, have 
been postulated. This ultimately results in a segmented scale morphology. Model inputs consist 
of the parabolic growth rate constant, kp, cycle duration, At, the spall area fraction, FA, (which is 
equal to the inverse of the number of oxide area segments, n,, and oxide stoichiometry, Sc, (the 
ratio of oxide to oxygen weight in the scale). 

The relationships for cyclic oxidation net weight change according to this deterministic, 
interfacial, cyclic oxidation spalling model (DICOSM, Part I) are as follows [l]: 

For cycle number j I n, (Case A): 

And for cycle number j 2 no (Case B): 
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where AW/A is the net sample specific weight (mass) change and j is the cycle number. 
A baseline case was presented for comparison in the sensitivity studies, where j, the number of 
cycles, was allowed to reach 2000, and no, the number of segments, was typically 1O00, i.e., 
F*=O.OOl, k,=O.Ol mg2/cm4h, At=l h, and S,=2.0. Other model outputs include the total amount 
(mass) of oxygen and metal consumed, the total amount of oxide spalled, and the mass fraction 
of oxide spalled. The outputs all follow typical well-behaved trends with the input variables. 

This model produced all the characteristic features normally associated with cyclic oxidation 
weight change curves or models thereof: an initial maximum, followed by decreasing and 
eventually negative weight change, and finally a steady-state linear rate of weight loss 
(concurrent with attaining both a limiting oxide thickness and constant mass fraction of scale 
spalled each cycle). 

These features all vary with the input parameters in a regular fashion, as have been demonstrated 
in previous modeling studies. Those efforts have resulted in reasonable descriptions of cyclic 
behavior as a function of the input parameters and allow one to see approximate functional 
interdependencies. However, any mathematical expression describing these dependencies has 
been indirect, i.e., by regression analysis of the results of many model cases [2] or by trial and 
error fits to various functions [3]. 

There would be value to describing these trends for the DICOSM model as well. Given its 
mathematical simplicity, there is greater potential for obtaining a more precise, direct 
relationship with the input parameters. The DICOSM calculations are only algebraic except for 
the factor E&. This factor, requiring an iterative calculation, appears in all the model outputs. 
The full calculation thus precludes any elementary mathematical operations or descriptions of the 
outputs in simple algebraic terms. An algebraic solution to this factor would allow the model to 
be calculated directly without the need of a computer program. Furthermore, the mathematical 
relationships between the model input parameters and outputs would be more transparent. 

Therefore, the purpose of this study in Part 2 is to simplify the basic model equations. 
Specifically, a substitution for the summation series is addressed, and the degree of error 
associated with this approximation is characterized. Using this substitution, simplified DICOSM 
equations are obtained. Characteristic parameters, describing the key elements of cyclic 
oxidation weight change behavior, are derived as a function of the input parameters. Finally, the 
concept of a universal cyclic oxidation curve is proposed, as enabled by these simplified 
relationships. 

2. Results and Discussion 

2.1 The Good-Smialek Approximation. 

An attempt was made to find a mathematical expression for Lh by Dr. Brian Good and the use 
of the math program, Muthemuticu 0 [4]. An expansion with the terms j , J J , J , J + K 
was found (G-A): 

112 -212 -312 -412 -512 
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where the coefficients produced by linear regression were identified as: 

a 0.48957 
b 0.0012181 
c 0.66660 
d 1.8489 x 10" 
e -1.90171 x 
K -0.169614 

This equation has yielded an extremely accurate expression for any j>10, with a maximum error 
of only 1.2 percent at j = 1. Since we are concerned with relatively large numbers of cycles, this 
inaccuracy is not considered to be a limitation. The excellent agreement over a large range of 
values for j can be seen in figure 1 (as the large open circles). For purposes of subsequent 
analyses, however, this 6-term function is cumbersome. Thus, because of the small coefficients 
for three of the terms (b, d, and e), the expression was further simplified, using just a, c, and K ,  
to yield the Good-Smialek approximation (G-S-A): 

10000.0 

fn 
C 
0 

C 
3 

e 1000.0 

w- 
c 
0 .- 
CI 2 100.0 .- 
X 

a 
P 
Q 

9 

8 10.0 
'C aJ cn 

Exact summation 
0 6-term (G-A) function 

2-term (G-S-A) function i -- 
I 

1 I I I I I I I I  I I 1 I I I l l  

1 10 100 1000 
Series limit integer, j 

Figure 1 .-Comparison of Good-Smialek approximations to &h. 
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TABLE 1 .-APPROXIMATIONS OF THE FUNCTION &FOR A RANGE OF j; 

i 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
20 
30 
40 
50 
60 
70 
80 
90 
100 
200 
300 
400 
500 
600 
700 
800 
900 
1000 

i=l  

COMPARISON TO EXACT VALUE AND RELATIVE ERROR 

1 .ooooo 
2.41421 
4.14626 
6.14626 
8.38233 
10.831 82 
13.47757 
16.30600 
19.30600 
22.46828 
61.66598 

1 12.08285 
171.61 579 
239.03580 
31 3.5091 4 
394.421 74 
481.29674 
573.74990 
671.46295 
1892.48421 
3472.55639 
5343.1 2753 
7464.53424 
981 0.00023 
12359.861 90 
15098.88039 
1801 4.79350 
21 097.45589 

Eq. 2 Eq. 3 
G-A G-S-A 

0.98777 1.16667 
2.41 061 2.59272 
4.1 4576 4.3301 3 
6.14721 6.33333 
8.38403 8.571 59 
10.83391 11.02270 
13.47985 13.66972 
16.30835 16.4991 6 
19.30835 19.50000 
22.47059 22.66299 
61.66724 61.86455 

1 12.08330 112.28312 
171.61 580 171.81 709 
239.03564 239.23779 
31 3.50902 31 3.71 165 
394.421 80 394.62465 
481.2971 0 481.49997 
573.75066 573.95340 
671.4641 9 671.66667 
1892.49430 1892.6891 5 
3472 58364 3472.76 1 87 
5343.1 8273 5343.33333 
7464.63030 7464.74026 
981 0.1 5 1 75 981 0.20642 
12360.08479 2360.06821 
15099.1 91 65 5099.08680 
1801 5.21 100 1801 5.00000 
21 097.99823 21 097.66246 

% error % error 
G-A G-S-A 

-1.222609 16.666667 
-0.149268 7.394180 
-0.01 21 23 4.43441 7 
0.015414 3.043621 
0.02021 0 2.257863 
0.01 9250 1.762231 
0.01 6899 1.425640 
0.014424 1.184580 
0.01 21 90 1.004866 
0.01 0275 0.866607 
0.002054 0.322008 
0.000402 0.1 78688 
0.000005 0.1 17296 
-0.000066 0.084504 
-0.000040 0.064594 
0.00001 5 0.051444 
0.000075 0.042225 
0.0001 32 0.035467 
0.0001 85 0.030340 
0.000533 0.01 0829 
0.000785 0.00591 7 
0.001 033 0.003852 
0.001287 0.002760 
0.001545 0.002102 
0.001 803 0.001 669 
0.002061 0.001 367 
0.00231 8 0.001 146 
0.002571 0.000979 

Now the error is 16*/3 % at j = 1, primarily due to ignoring the term K. But, as shown in table 1, 
this error is quickly reduced to < 1 % for j < 10, and to e 0.1 % for j > 50. At j = 1000 the error is 
only 0.001 %. This decreasing trend in error is shown in figure 2, where the deviation from the 
exact solution is only noticeable for j =1 or 2 (small filled circles). Thus, for a reasonably high 
number of cycles corresponding to most cyclic tests, the simple expression in eq. [3a] provides 
an excellent approximation. 
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Figure 2.-Relative error (percent) in Good-Smialek approximations relative to C J .  

Considering the nearly linear dependence of error with j in figure 2, a modified and very precise 
3-term approximation may be obtained by (GSA'), where -1.41 is the log-log slope of the error 
versus j plot, and 0.1667 is the fractional error at j = 1 : 

Substitution of eq. [3a] into the relations for AW/A, eq.'s. [la,b] and all the other output 
equations (table 3, Part 1 )  [ 13,  yields a new set of output equations based on the Good-Smialek 
Approximation (GSA), where A and B refer to the portions of the curve where j 5 n and j 2 no : 

The power of these new expressions is that the weight change and all the other model outputs 
can be easily and directly calculated for any particular cycle(s) and any desired combination of 
the model parameters (kp, At, FA, [no], Sc, ) ,  as listed in table 2. No iterative calculations 
requiring a programmed solution are required. 
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TABLE 2.- LIST OF RELATIONS DESCRIBING VARIOUS 
OTHER DICOSM MODEL OUTPUTS USING THE 

GOOD-SMIALEK APPROXIMATION. 

Cumulative total weight of oxygen or metal reacted: 

Weight of retained scale, before (W,.') and after (W,) spallation: 

Cumulative total weight of oxide spalled (CW,) after j cycles; 
Fractional weight of oxide spalled (F,) on cycle j: 

Equivalent spa11 constant from COSP model for j > no. 

I NASA/TM-2002-2 1 1906PART2 6 
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Figure 3.4omparison of baseline cyclic oxidation weight change curve for exact 
DICOSM (line) and GSA (symbols) calculations. (S, = 2.0, k, = 0.01 mg*/cm4 hr, 
FA = 0.001, At = 1 .O hr). 

An example of a DICOSM model cyclic oxidation curve (line), obtained from the full 
summation series in eq. 1, is shown in figure 3 for the same baseline input parameters utilized in 
Part 1 .  Also shown are the results of the GSA calculations (symbols) for the same model case, 
utilizing eq. 4. Note that there is virtually no distinction under these conditions, and the GSA 
solution provides a wholly acceptable reproduction of the exact model. The numerical data for 
these two models are listed in the first two columns of table 3, and there is complete agreement 
to four decimal places. In fact, it is only in the extreme model cases that any differential can be 
discerned. Such an example is shown in the last three columns of table 3 for the high values of 
S ,  = 5 and FA = 0.1. Now appreciable relative errors have been produced in the first few cycles, 
but here the absolute values of the weight change are quite small. Also, these errors still 
diminish to less than 1 percent at just 10 cycles. Finally, these high spa11 fractions and high 
values of the stoichiometric constant are not characteristic of oxidation resistant materials. In 
conclusion, the GSA solution to the DICOSM spalling model provides a mathematically robust 
substitution in most cases, and the more precise GA and GSA' solutions (eq.'s 2 and 3b) are not 
required. 

The various descriptive parameters that define the typical characteristics of a cyclic oxidation 
curve may now be determined analytically, such as the maximum in weight gain, the time to 
reach maximum weight gain, the time to cross zero weight change, and the final rate of weight 
loss. The time to maximum gain is determined by differentiating (AW/A)A with respect to j in 
[4a], setting dW/dj equal to zero, and solving for j,,,. The maximum gain is determined by 
substituting j,, back into equation [4A] for weight change. Finally the time to cross zero weight 
change is determined by setting (AW/A)A equal to zero and solving for j,. Note that because 
only eq. 4a was used in these derivations, eq.'s. 5-7a, apply only to Case A, j < no. 
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TABLE 3.-SPECIFIC WEIGHT CHANGE TABLE (mg/cm2) OBTAINED FROM THE 
GSA SOLUTION (eq. 3) COMPARED TO THOSE FROM THE EXACT DICOSM 

SUMMATION SERES (eq. 1) FOR TWO EXTREME CASES OF THE 
CYCLIC OXIDATION SPALLING MODEL 

Percent relative error listed for Case 2; zero error for Case 1. 

sc=2.0 sc=2.0 Sc=5.0 sc=5.0 Sc=5.0 
kp=O.Ol kp=O.Ol kp=O.Ol kp=O.Ol kp=O.Ol 

dt=l dt=l dt=l dt=l dt=l 
Fa=0.001 Fa=0.001 Fa=O.lOO Fa=O.lOO Fa=O.lOO 

Cycle, j 1 :DICOSM 1 :GSA 2:DICOSM 2:GSA YO error 

0 0.0000 0.0000 0.0000 0.0000 0.0000 
1 0.0998 0.0998 0.0500 0.0450 -1 0.0000 
2 0.1410 0.1410 0.0266 0.0212 -20.3008 
3 0.1725 0.1725 -0.0205 -0.0260 26.8293 
4 0.1 990 0.1 990 -0.0844 -0.0900 6.6351 
5 0.2223 0.2223 -0.1 620 -0.1 677 3.51 85 
6 0.2432 0.2432 -0.251 5 -0.2572 2.2664 
7 0.2625 0.2625 -0.351 4 -0.3572 1.6505 
8 0.2803 0.2803 -0.4609 -0.4667 1.2584 
9 0.2970 0.2970 -0.5792 -0.5850 1.001 4 

10 0.31 27 0.31 27 -0.7057 -0.71 15 0.821 9 
20 0.4378 0.4378 -1.9706 -1.9764 0.2943 
30 0.5307 0.5307 -3.2355 -3.241 3 0.1793 
40 0.6065 0.6065 -4.5004 -4.5062 0.1289 
50 0.671 0 0.671 0 -5.7653 -5.771 2 0.1023 
60 0.7273 0.7273 -7.0302 -7.0361 0.0839 
70 0.7773 0.7773 -8.2951 -8.301 0 0.071 1 
80 0.8220 0.8220 -9.5600 -9.5659 0.061 7 

0.0536 
100 0.8990 0.8990 -12.0899 -1 2.0957 0.0480 
200 1.1 300 1.1300 -24.7390 -24.7448 0.0234 
300 1.21 07 1.21 07 -37.3881 -37.3939 0.01 55 
400 1.1980 1.1980 -50.0372 -50.0430 0.01 16 
500 1.1158 1.1158 -62.6863 -62.6922 0.0094 
600 0.9773 0.9773 -75.3354 -75.341 3 0.0078 
700 0.791 1 0.791 1 -87.9845 -87.9904 0.0067 
800 0.5629 0.5629 -1 00.6336 -1 00.6395 0.0059 
900 0.2970 0.2970 -1 13.2828 -1 13.2886 0.0051 

1000 -0.0032 -0.0032 -1 25.931 9 -1 25.9377 0.0046 
1100 -0.31 94 -0.31 94 -1 38.581 0 -138.5868 0.0042 

0.0038 
1300 -0.951 8 -0.951 8 -1 63.8792 -1 63.8850 0.0035 
1400 -1.2681 -1.2681 -176.5283 -1 76.5342 0.0033 
1500 -1 5843 -1 5843 -1 89.1 774 -1 89.1 833 0.0031 

90 0.8624 0.8624 -1 0.8250 -1 0.8308 

1200 -0.6356 -0.6356 -151.2301 -1 51.2359 
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I . I  1 /  I 

- 2% - s c  
Imax = 2 (2s, -1) 

2(s, + l)n, - 3s,  
6 ( S ,  -1) J ~ , B  

It can be seen that the first three relations contain some function of the term (2no-Sc)/(2Sc-l). 
Thus the ratio of jJjmax produces a simple integer, exactly equal to 3.0, the ratio produced by the 
numerical model and close to those produced (3.3, 3.3, and 3.4) for A1203 scales by three 
previous models [2, 3, 51. 

100 t I I I I I 1 1 1 1  I I I I 1 1 1 1 )  I I I I 1 1 1 1  

-. . 
0.001 0.01 0.1 1 

Spall fraction, FA 

Figure 4.-The effect of spall area fraction, FA, on the normalized maximum weight 
change, (AW/A),,/,/m, according to the GSA solution for the DICOSM model. 
Lines refer to GSA solution, symbols refer to actual DICOSM calculations). 

The dependence of the maximum in the weight change curve (AW/A),,,ax with the spall constant 
FA (eq. 5 )  is shown in figure 4. This family of curves corresponds to the range of all possible 
values of S, for the available oxides [ 11. (Here (AW/A)ma is normalized by the term (kpAt)'12 to 
collapse the results for all values of the growth product onto one curve). The case for S, = 2.0 is 
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shown as the bold curve. It is seen that (AW/A)max varies nearly as (FA)-”* for FA I 0.1, Le., for 
most typical values. This dependency is also evident from inspection of eq. 5 ,  where it is 
recalled that no is defined as WA. The effect of increasing S, is to decrease the level of the 
maximum weight gain. The values obtained from a few DICOSM model calculations (eq. 1)  are 
shown as symbols and the agreement is excellent for FA I 0.1. 

The effect of the stoichiometric constant S, and the spalling constant FA on the dependence of the 
number of cycles to reach maximum weight j,, (eq. 6) is shown in figure 5. No attempt was 
made to interpolate a maximum less than one cycle (imax < 1). For FA i 0.1, jmax varies 
essentially as FA-’. Good agreement is again found with the DICOSM calculations (symbols). 
The case for S, = 2.0 is shown as the bold curve. The effect of increasing S, is to decrease the 
number of cycles to maximum weight gain. As an extreme example, increasing S, by a factor of 
10, from its theoretical limits of 1 to 10, has the effect of decreasing j,,, by nearly a factor of 20. 

10000 hl 1 I I I 1 1 1 1  I 1 1 1 1 1 ” ~  I I 1 1 1 1 1 1 )  I I I I I I I  

Jmax, A 

1000 - 
L A  - 

F 100 k 

i 
I 

C 

- S,=lO 
- 

- - 

- 
- 
- 

10 

1 I 1 I I I 1 1 1 1  I I I I 1 1 1 1 1  

0.0001 0.001 0.01 0:1 - 1 
Spall fraction, FA 

Figure 5.-The effect of spall area fraction, FA, on the number of cycles, j,,, to 
reach maximum weight change according to the GSA solution for the DICOSM 
model, Lines refer to GSA solution, symbols refer to actual DICOSM calculations). 

The same trends are found for the number of cycles to reach zero weight change, j,, in figure 6. 
The case for S, = 2.0 is again shown as the bold curve. While generally similar to the family of 
curves for jmax, there is one difference that could affect the ratio of j, / jmax and the overall shape 
of the cyclic oxidation curve. This occurs for the exceptions when Case B applies (i > no) before 
AW/A reached zero weight change. The criterion for this exception is found by setting jo,B > no 
in eq. 7b (Case B), yielding S, I 8nJ(4nO+3). This means that S, must be less than a value very 
nearly equal to 2.0 (e.g., 1.860, 1.985, or 1.999 for no = 10, 100, or 1000, respectively). 

Alternately stated, eq. 7a (Case A) or eq. 7b (Case B) must be used to obtain j, depending on 
whether S, 2 2 or S, I 2, respectively. Thus two sets of curves are presented for j, in figure 6, 
corresponding to Case A (lower) and Case B (upper). In terms of the cyclic oxidation weight 
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Figure 6.-The effect of spall area fraction, FA, on the number of cycles, io, to reach 
zero weight change, according to the GSA solution for the DICOSM model. (Lines 
refer to GSA solution, symbols refer to actual DICOSM calculations). 

change curve, this means that a linear terminal slope is reached before zero weight change occurs 
( S ,  I 2, Case B). This special case would therefore occur only for Si02 (1.878), Li20 (1.868), 
Be0 (1.563), and B203 (1.450) [I] .  The simple ratio of j&,= = 3 no longer applies because 
eq. 7a no longer applies. In the extreme, for the limiting but impossible case where S, = I ,  the 
final slope is zero, the curve is horizontal, and zero weight change is never achieved. 

In this regard, the slope of the latter portion of the curve can always be described by: 

T.S. = -(Sc - 1) F A J W  

where T.S. is the terminal slope of the cyclic oxidation weight change curve. This relationship is 
obtained by differentiating the DICOSM model eq. 1 b or the GSA model eq. 4b with respect to j. 
From the definition that FA = lh,,, eq. 8 can be restated as: 

T.S. = -(Sc - l),/FAkpAt [91 

It is therefore apparent that the severity of the final slope increases with S,,  FA'^, k,ln, and 
and is thus affected by the oxide type as well as by the growth and spalling parameters. 

The fractional amount of scale spalled each cycle also reaches a constant value for each cycle. It 
can be seen from figure 4 and table 1 of Part 1 to be given by [l]: 
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i=l 

This can be simplified by using the GSA solution for the summation series to: 

That is to say that the scale mass fraction spalled per cycle approaches 1.5 times the area fraction 
spalled. 

2.2 Universal cyclic oxidation curve. 

The simplicity of the various descriptive parameters presented in eq.’s. [5-111 suggest that a 
universal function may be developed to describe cyclic oxidation for any set of input parameters. 
Such a curve should show all the pertinent features of the model curves, but be normalized by 
characteristic weight and cycle factors. This single curve, in dimensionless parameters, would 
represent the general behavior produced by any combination of model parameters. By inspection 
of eq.’s. 4-6, the maximum weight gain, (AW/A)max, and the cycle time to reach this maximum, 
j,,,, were selected as these characteristic factors. The normalized weight change and cycle 
number in equation [4a] gives the following relationship for Case A, j I no: 

where W, is the normalized weight change and J, is the normalized cycle number. The results of 
such a plot are shown as the dashed master curve in figure 7. Thus, for any value of S, (2 2), FA, 
k,, or At, the same universal curve is obtained from eq. [ 121 for Case A (when j I no). 

This is an extremely brief and concise equation defining the initial branch of the cyclic oxidation 
curve, with simply defined features. At the maximum in weight change, dW,/dJ, = 0, both 
J,m,, = 1.0 and W,max = 1.0. Also, at the cross over point of zero weight change, Wu,o = 0.0 and 
Ju,o = 3 .O. 

For Case B, starting at the point where j = no, the secondary branches of the curve require 
eq. [4b]. In terms of the universal curve, this point is given by J, = ndjmax, where jma, is given by 
eq. [6]. A listing of these critical points and the slopes of the subsequent linear portions of the 
universal curve are listed in table 4. It is seen that J,,B is approximately equal to (2SC-1) for 
reasonably large values of no 2 100 (FA I 0.01). (For S, = 2.0 (near A1203), the effect of no is 
minimal). For increasing stoichiometric factors, these secondary branches depart from the 
universal curve at larger values of J, with increasingly negative slopes and with more sensitivity 
to low no. The limiting values of these critical points are shown as the diamond symbols in 
figure 7. 
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Figure 7.-Semi-universal cyclic oxidation curves for all DICOSM model cases, Le., 
normalized weight change (W,) and normalized cycle numbers (Ju) as derived 
from GSA solution. One master curve is obtained with linear weight loss rate 
branches produced at different J, and with different slopes corresponding to 
different stoichiometric constants, Sc. 

As previously presented, the linear-sloped second branches (Case B) commence after these 
points corresponding to j = no, and are given by differentiating W, with respect to J, (or from 
eq. 9): 

The slopes are seen to increase with S, and no in a complex fashion and are listed in table 4. 
(At S, = 2.0, the effect of no is minimal). Composite curves are shown in figure 7 for the cases 
where S, is varied from 1.0 to 5.0, which encompass the vast majority of typical oxides. 
The secondary branches correspond to the limits approached for reasonably large values of no 2 
100 (FA< 0.01), table 4. 

For most typical values of S ,  (above 2.0), W,,O = 0 at J,,o = 3, (corresponding to j = j o  = 3jma). 
Thus the universal cross over point is defined by J, = 3 for most oxides. However, it should be 
noted that if S ,  < 2, then j 2 no and Case B applies before j reaches 3jmx, Le., before J, reaches 3. 
Accordingly, the constant ratio of jJjmax = 3 (defined by eq.'s. 6 and 7a) no longer applies, and 
eq.'s. 6 and 7b now suggest a variable jJjma ratio. For example, the secondary branch of the 
curve for S ,  = 1.5 in figure 7 is seen to depart from the universal curve before reaching zero 
normalized weight, which now must occur at some J, > 3.0. 

Yet for a given oxide scale, where S, is fixed, a single normalized curve may be used to 
represent the behavior of practically any combination of the input parameters, k,, At, and FA (no). 
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TABLE 4.-CRITICAL VALUES OF THE NORMALIZED CYCLE NUMBER, 
JU,~*,  MARKING THE COMMENCEMENT OF THE LINEAR SLOPE 

BRANCH, dW,/dT,,B, FOR THE UNIVERSAL CYCLIC 
OXIDATION CURVE 

Effect of stoichiometric constant S, and no. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 - 

2sc-1 JU,B’ JU,B* JU,B* 

limit as no = 1000 no = 100 no = 10 
no+ 00 

1 .oo 1 .oo 1.01 
3.00 3.00 3.03 
5.00 5.01 5.08 
7.00 7.01 7.14 
9.00 9.02 9.23 

11 .oo 11.03 1.34 
13.00 13.05 3.47 
15.00 15.06 5.63 
17.00 17.08 17.80 
19.00 19.10 20.00 

1.05 
3.33 
5.88 
8.75 

12.00 
15.71 
20.00 
25.00 
30.91 
38.00 

limit as no = 1000 no = 100 no = 10 
no+ 00 

(mg/cm2) (mg/cm2) (mg/cm2) (mg/cm2) 
0.00 0.00 0.00 0.00 

-0.87 -0.87 -0.87 -0.91 
-1.34 -1.34 -1.35 -1.46 
-1.70 -1.70 -1.72 -1.90 
-2.00 -2.00 -2.03 -2.31 
-2.26 -2.26 -2.30 -2.70 
-2.50 -2.50 -2.54 -3.1 0 
-2.71 -2.72 -2.77 -3.50 
-2.91 -2.92 -2.98 -3.92 
-3.10 -3.10 -3.1 8 -4.38 

The Good-Smialek approximation of the DICOSM model has allowed for this construction of a 
simple, semi-universal cyclic oxidation curve, from which the behavior of any well-behaved data 
set may be assessed. 

2.3 Comparison to high temperature alloy behavior. 

Ideally, the systems most applicable to the DICOSM model should exhibit primarily parabolic 
growth, interfacial spallation occurring at a relatively constant area fraction, the absence of any 
initial transient or transition oxides, and no break away behavior into different scale phases. It 
has been shown that single crystal superalloys exhibit substantial interfacial spallation modes. 
However they are not always immune to transient oxidation or changes in scale make-up. 

The results for two PWA 1480 coupons are presented in figure 8 [6]. These coupons had been 
hydrogen annealed (desulfurized) to two sulfur levels, resulting in clearly differentiated cyclic 
behavior. Both exhibited a rapid initial weight gain. It was determined to be 0.2 mg/cm2 by 
back extrapolation to zero time on a t”2 parabolic plot. This transient amount was accordingly 
subtracted off the entire weight change curve. (This adjustment can be tolerated for fitting the 
growth kinetics (kp). However, it is likely to induce small and gradual errors in the weight loss 
calculations since this transient layer will also be removed as portions of the underlying scale 
spall.) The modified data in figure 8 was fit with two DICOSM models shown as the solid lines, 
with good agreement for the 0.14 ppm S sample (20-6) out to 800 hours and for the 0.8 ppm S 
sample up to 500 hours. It is realistically demonstrated that the latter sample exhibited an order 
of magnitude increase in the spall area fraction, F A .  A factor of two increase in the parabolic 
growth rate also appeared necessary for the best fit, possibly due to mechanism (scale chemistry) 
changes caused by spallation and aluminum depletion. 

, 
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Figure 8.4omparison of DICOSM model fits (lines) to actual cyclic data 
(symbols) for two PWA 1480 samples hydrogen annealed to two different 
sulfur levels. (1 100 "C, 1 -hr cycles, 0.1 4 and 0.8 ppmw sulfur). 

These curves are plotted according to the universal curve format in figure 9. (Here the data had 
first been further corrected to eliminate a number of discontinuous drops in weight, due to water 
immersion testing or extended exposure to humid lab air, in an attempt to produce a more well- 
behaved cyclic curve. The corrected data is seen to fall 
essentially on top of each other for the two curves up until J = J,. There is also good agreement 
with the normalized model curves up to this point. However, beyond that point, the experimental 
data for the 0.8 ppm sample appears to diverge negatively from the expected behavior. This is 
due in part to the difficulty in determining the precise time and amount of the maximum when it 
occurs early in the cyclic test for a rapidly spalling alloy. This high degree of relative error in 
defining j,, produces a magnified effect on the normalized curve. Another factor is the 
transition of the scale to heavier oxides, Le., with larger values of S,. Indeed, x-ray 
diffractometer scans had identified a transition from A1203 (S, = 2.1243) to NiTa206 ( S ,  = 
5.3813) as the strongest pattern in the last 500 hr of testing. This deviation is consistent with the 
universal curve for Case A being followed past J = 9 for systems with S, 2 5, as in figure 7. 

See, for example, ref.'s [6,8]). 

A different data set is given in figure 10 for the more adherent scales on NiAl(Zr) oxidized at 
1100 and 1200 OC [7]. This data was fit better by the uniform outer layer spallation model 
(COSP) [2,5], rather than by the interfacial mechanism (DICOSM) [ 13. The fitted curves show 
excellent agreement with the data. Although there is no rigorous mathematical argument for 
constructing a universal cyclic curve from a COSP model, the similar behavior to DICOSM 
models suggests a similar plot, figure 11. Here the data and model curves for two different 
temperatures (kp7s) and two different spa11 constants (Q,) are seen to follow a nearly a single 
universal normalized plot, presumably that corresponding to A1203 scales. For COSP models, 
J,,, should ideally be equal to 3.3 for alumina, as suggested by the 1100 OC model prediction. 
The 1200 OC curve, using j,, determined from the data in fig. 10, deviates slightly from this 
ratio, indicating less than ideal COSP behavior. 
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0 1  2 3 4 5 6  7 8 9 1 0  
Normalized cycle number, J, = i/jmax 

Figure g.-Universal (normalized) cyclic oxidation curves for two PWA 1480 samples 
exhibiting different behavior (from Figure 5). (DICOSM model fits (lines); experimental 
data (symbols)). 
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Figure 1 O.-Comparison of COSP model fits (lines) to actual cyclic data (symbols) 
for NiAl at 11 00 "C and 1200 "C with 1 -hr cycles. 
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This overall success suggests that a universal cyclic oxidation curve for all COSP model cases 
may also be produced by a similar construction. While the mathematics of the uniform layer 
spallation model of COSP does not allow for the direct calculation of such a curve, it is still 
possible to run a spectrum of different cases and obtain the corresponding values of (AW/A)mm 
and j,,,. The results of such an exercise, in which model variables were changed using COSP for 
Windows [ 5 ]  (kp from 0.001 to 0.01 mg/cm2hr ; At from 0.1 to 10 hr, and Qo from 0.001 to O.Ol), 
were all shown to produce a single curve for each value of S ,  used (Le., 1, 2, 3, 4, 5), figure 12. 
The overall behavior parallels that constructed for the DICOSM case presented in figure 7. The 
universal DICOSM curve for Case A, (i I no, eq. 12), shown as the dashed line, is seen to follow 
the initial portions of the COSP curves . However the COSP universal plot shows no unique 
value of the ratio of JJJmm for all oxides, whereas the DICOSM model sets this ratio as 3.0 for 
all S, 2 2. Furthermore, the linear portions of the curves begin earlier and are more shallow than 
their DICOSM model counterparts (Le., corresponding to the same values of Sc). 

It is therefore proposed that these constructions may be used for long term projections of 
incomplete cyclic curves or to compare the ideality and scale stoichiometry produced for various 
alloys under various test conditions. Further shakedowns to discover weaknesses in the 
construction are needed to more fully define the limitations of the technique. 
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Figure 12.-Universal (normalized) cyclic oxidation curves for all COSP model condi- 
tions. Dashed curve corresponds to DICOSM GSA curve, Case A, from Figure 9. 

3. Summary 

A succinct, simple, and accurate algebraic expression has been developed as an approximation 
for the summation series of the square root of an integer. Substitution for this series in the 
DICOSM model of Part 1 has produced the Good-Smialek approximation (GSA), which 
faithfully and accurately reproduces all the features of the original spalling model. Essentially 
no error is introduced except for cases exhibiting an extreme amount of spalling, and then for 
only a small number of initial cycles. Other outputs germane to these models, (the amount of 
metal consumed, amount of retained oxide, the fraction and total amount of spalled oxide), may 
also be obtained from similar relationships. 

The simplified mathematics has also allowed for the formulation of descriptive parameters as 
direct functions of the input parameters. Consequently, the maximum weight change, the number 
of cycles to reach maximum, the number of cycles to reach zero weight change, and the final rate 
of weight loss may all be calculated directly. These regular dependencies further suggest a 
uniform behavior for any combination of cyclic oxidation model input parameters. Accordingly 
a universal cyclic oxidation curve was constructed, simply by normalizing the weight change and 
cycle number by the maximum in weight change and the number of cycles to reach the 
maximum, respectively. Universal behavior was found for these normalized curves for all values 
of the growth constant and cycle duration, and most values of the interfacial area spa11 fraction. 
Bifurcations from this curve were obtained only for different values of the stoichiometric 
constant (chemistry) of the oxide scale. A similar construction was found to apply for the 
uniform outer layer spallation model (COSP), but with shifts in the position and slope of the final 
linear loss portions. 
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Actual cyclic oxidation data for PWA 1480 was analyzed and compared to the DICOSM 
interfacial spall model with reasonable success. Two different behaviors due to different sulfur 
contents were described by the universal cyclic oxidation construct. Alternately, data for 
NiAl(Zr), oxidized at two different temperatures, was successfully modeled by the uniform spall 
layer model in COSP. These in turn were also successfully normalized as nearly congruent 
universal cyclic oxidation plots. 
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